ABSTRACT A robust incremental-quaternion-based algorithm is proposed in this paper to estimate the angle and the axis of a single-axis rotation whose rotation axis is invisible or inaccessible. We establish a model to estimate the rotation angle and axis according to the relationship between the incremental quaternion and the pair of rotating axis and angles. Moreover, the solutions for the model are detailedly described in this paper. This algorithm could achieve full range of rotation angle and all-attitude rotation axis measurements with high-computational efficiency. It has good performances in the rotation angle and axis estimation no matter whether the measured target is in dynamic or static movement, which solves the inaccurate rotating-axis attitude problem in other methods when the target is doing low-speed rotation. Using the designed measurement unit based on magnetic, angular rate, and gravity sensors, this algorithm eliminates the drift of measurement results caused by the integral error of the gyroscope. The effectiveness of this algorithm has been validated through a single-axis motion control platform by comparing with another two methods. Results show that the proposed algorithm provides a more accurate estimation of rotation angle and the axis of a single-axis rotation of high or low speed.
I. INTRODUCTION
The accurate angle and axis measurements of a singleaxis rotation are important bases in robots [1] , engineering applications [2] , spacecraft [3] , inertial navigation [4] , [5] and medical rehabilitation [6] . However, the electrical and mechanical properties of angular sensors will gradually change due to the components aging or some uncontrollable influences such as collision, which could cause the unreliable measurement of angular displacement. Therefore, it is necessary to regularly calibrate the angular sensors using the specific calibration system. For instance, to ensure the flight safety, it is of great importance to calibrate the rotation angles of the ailerons, elevators and rudders before the aircraft takes off. In order to enable real-time estimation and tracking of rotation angles and axis, it is necessary to develop the easy and reliable estimation system as well as accurate and efficient estimation algorithms.
At present, there are many kinds of methods for rotation angle measurements, such as the mechanical methods [7] , electromagnetic methods [8] , vision-based methods [9] and inertial-measurement-unit (IMU)-based methods [10] . In the mechanical methods, the measured equipment is required to modify the mechanical structure. The electromagnetic methods need previous complex installation and calibration [11] . Both of them could only be utilized in the systems with known rotation axis. The vision methods rely on some special equipment with complicated installation and test process as well as complicated computation [12] . Using IMU-based methods to estimate the rotation angles and axis attitude of the singleaxis rotation is a relatively new field. Owing to the small size, low cost, ease of integration and strong adaptability of inertial sensors, inertial-sensors-based motion tracking system has become a meaningful research. This motion tracking system can be divided into IMU-based and MARGs-based systems according to the presence or absence of the magnetometer. The IMU, composed of a triaxial accelerometer and a triaxial gyroscope, could observe the angular velocity and acceleration of the target in three-dimensional space. It could be applied to devices that require attitudes for precise positioning such as mobile robots, unmanned underwater vehicles (UAVs) and spacecraft inertial navigation devices [13] - [15] . A MARG system includes an IMU and a triaxial magnetometer. Compared to the IMU, the MARG system uses the magnetic field as a reference in addition to the gravity field, which provides a more accurate measurement. The MARG sensors are adopted in this work to estimate the rotation angle and axis attitude of a single-axis rotation.
An accurate and efficient algorithm is the soul of rotation angle and axis estimation. There are many methods to estimate the orientation, such as Kalman filter (KF) [16] , extend Kalman filter (EKF) [17] , unscented Kalman filter (UKF) [18] and particle Kalman filter (PKF) [19] . The gradient descent method [20] and complementary filtering algorithm [21] are widely used in motion tracking systems due to advantages of simple structure, quick implementation and high computational efficiency. However, the above methods simply obtain the attitude of the measured target in forms of quaternion or Euler angles instead of the rotation angles or axes of the measured target. A few of the existing methods rely heavily on the rotation axis to measure the rotation angles [22] , [23] . The rotation axis is usually unknown or difficult to measure in some systems, which induces a poor accuracy of rotation angles measurement in those methods. For instance, when the measured target has a curve surface with no horizontal or right-angle surfaces, it is difficult and complicated to install the measurement equipment, which leads to a difficult or inaccessible measurement of the rotation axis. Tomazic and Stancin proposed the gyroscope-based simultaneous orthogonal rotations angle (SORA) method. It uses a triaxial gyroscope to measure the rotation angle when the angular velocities of the target are approximately constant [24] . The SORA method is simple and suitable for real-time estimation of rotation angles in low-cost applications. However, the zero drift of gyroscopes will lead to accumulated errors in the angle and axis estimation after a long working period. Zheng et al. proposed an IMU-based method to measure the angle of a single-axis rotation when the target is at high angular velocity [10] . This method utilizes the angular velocities of an IMU to calculate orientation of the rotating axis. The rotation matrix is obtained by computing the Euler angles of the target in initial and ending positions. An equation is developed to describe the relationship between the rotation matrix inferred by Euler angles and rotation angles. An interpolation algorithm is utilized to solve this equation to get the rotation angles. This method could not achieve full-range rotation angle and all-attitude rotation axis measurements due to the gimbal lock problem existed in the Euler angles. It also heavily relies on the accuracy of the gyroscope during the measurement process, which limits the measurement accuracy of the rotation angle and axis when the target is in low-speed rotation.
In order to solve the mentioned problems existing in the rotation angle and axis measurements, an incrementalquaternion-based angle and axis estimation algorithm is proposed in this work to measure the single-axis rotation with unknown rotation axis using MARG sensors. Meanwhile, a MARGs-based measurement unit is designed in this work with the size of 30mm × 30mm × 10mm. It has a separate power supply system and the information from MARG sensors could be transmitted to the host via WiFi. The proposed method has no restriction on the installation accuracy which simplifies the installation and measurement processes. It calculates the rotation angles and axis attitude through the incremental quaternion determined by the angular rate, acceleration and magnetic information, which could achieve full-angle and all-attitude rotating-axis measurements. It has the advantages of high computational efficiency and good real-time performance dynamically and statically, which lead to an easy implementation in the embedded systems.
This paper is organized as follows. Section II describes the preliminaries and problem statement. The detailed model and derivation of the proposed algorithm are explained in Section III. Section IV introduces the developed MARGs-based measurement unit. The dynamic and static experiments as well as results are presented in Section V. Section VI concludes this work with a short summary.
A notation system of leading super-scripts and sub-scripts adopted from Craig [25] is used to denote the relative coordinates of orientations and vectors. A leading superscript denotes the frame to be described and a leading subscript denotes the frame this is with reference to. For instance, A B C is the transformation matrix of frame {A} relative to frame {B} and A v is a vector in frame {A}. The rotation in Fig. 1 can be expressed in a normalized quaternion B A q which has the following relationship with A v [26] .
II. PRELIMINARIES AND PROBLEM FORMULATION
In this paper, we use B A q * represents the conjugate of B A q, as in (2) [26] , which describes the reverse rotation of the same attitude.
The product of quaternions in (3) follows the Hamilton principle [27] , which could convert multiple consecutive rotations into one rotation as in (4) . The rotation axis of the rotations should be represented in the original frames, namely, the quaternion should be generated by the non-mapping operation. Note that the product of quaternions does not satisfy the multiplicative exchange principle.
In this paper, an incremental-quaternion-based angle and axis estimation algorithm is proposed to measure the single-axis rotation. Fig. 2 is the schematic diagram of the rotation angle measurement in which we fixed the MARGs-based measurement unit on the surface of the target. When the target rotates around an invisible or inaccessible axis, we can resolve the rotation angle and rotating-axis attitude through the incremental quaternion from the MARGs. To describe the problem clearly, we first introduce the spatial relationship between the coordinate systems. Fig . 3 shows the employed coordinate systems. The northeast-down (NED) frame is introduced to be the navigation frame {n}, and the body frame {b} follows the right-hand rule with X-front, Y-right and Z-down. The body frame is fixed on the MARGs, whose attitude will change as the target. Fig. 4 describes the problem through the relationship between frames {b} and {n}. Assuming that a unit rotation axis n r in the navigation frame has r x , r y and r z components on X, Y and Z axis, its attitude could be described as n r = [r x r y r z ] T . θ is the rotation angle of frame {b} from positions 1 to 2. b n q i is the quaternion obtained from the MARGs, which describes the orientation of the frame {b} relative to the frame {n} at position i. For example, b n q 1 and b n q 2 are quaternions in positions 1 and 2, respectively. Through the MARGs-based measurement unit, we can obtain the quaternion b n q i continuously.
Though n r is fixed in the navigation frame, its attitude is unknown. The problem is how to measure the rotation angles and rotating-axis attitude of a single-axis rotation when the rotation axis is unknown. Two assumptions are given below: (1) Due to the rotation is a single-axis rotation, it is considered in this work that the rotation axis is fixed after the start of measurement and there are no other dimensions of freedoms during the rotation of the measured target. (2) The accelerometers, gyroscopes and magnetometers of the MARGs are mounted orthogonally and their corresponding axes are overlapped or parallel. The objective of this work is to propose a method to estimate the unknown parameter θ and unknown rotation axis n r according to those known quaternion measurements b n q i (i = 1, 2, . . . , n) by MARGs.
III. MODEL AND DERIVATION A. MODEL ESTABLISHMENT
In this section, we present a detailed derivation of the model to measure the rotation angle and axis using incremental quaternion when the rotation axis is unknown or inaccessible. We define the incremental quaternion n q from positions 1 to 2 has the form in (5) , where the second subscript number represents the order of elements in it.
According to outputs of MARG sensors, we can obtain the quaternions b n q 1 and b n q 2 , respectively [28] . For clarity, we show their forms in (6) and (7) .
The frame {b} can reach position 2 after two rotations. For simplicity, we define the first rotation is rotating the frame {b} from a position in frame {n} to position 1 through b n q 1 . In the second rotation, the frame {b} is rotated from positions 1 to 2 through the incremental quaternion n q . According to the synthesis rules of quaternions, we can get
thus, the incremental quaternion can be calculated by
According to (3), (6) , and (7), the incremental quaternion has the form of
However, due to the existed rounding errors during the computational process, the incremental quaternion n q needs to be normalized as a unit quaternion nq , which has the form of
Finally, the model to solve the rotation angle and axis of a single-axis rotation can be established as in (12) . We will show the solutions in the following section.
B. SOLUTIONS OF ROTATION ANGLE AND AXIS 1) ROTATING-AXIS ATTITUDE ESTIMATION
An accurate estimation of rotating-axis is the premise of rotation angle measurement. According to the conversion relationship between axis-angle pairs and quaternions [27] , (12) can be utilized to calculate the rotation angle and axis. However, the calculated accuracy of this method cannot meet the actual requirements for several reasons. On one hand, the rotation angle estimation is sensitive to the rotatingaxis attitude [10] . Moreover, using one element of quaternion to calculate the rotation angle cannot fully describe the relationship between the rotation angle and quaternion. The inaccurate rotation angle will bring errors into the solutions of rotation axis. Therefore, we will describe how to reduce noise and obtain accurate rotating-axis attitude estimation in this section. According to (12) , we can get the expression of rotation angle by 
Since nq ,4 can be obtained through (10) , it can be used to judge the range of rotation angle α by
Therefore, the full-range rotation angle can be calculated by
Substituting (16) into (12), the rotating axis at time t could be calculated by
When the rotation angle is close to zero, the estimation of rotation axis is inaccurate. It is necessary to limit the rotation angle when estimating the rotation axis. It is assumed that the rotation angle will be utilized to estimate the rotating-axis attitude when it is greater than a threshold ξ α . Furthermore, we utilize the mean filter to obtain the more reliable rotation axis. The average estimated rotation axis can be obtained by
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2) ROTATION ANGLE MEASUREMENT
Substituting the obtained rotating-axis attitude n r = [ n r x n r y n r z ] T into (14) , three formulas about the rotation angle can be inferred as in (19) .
Simplifying (19) , the rotation angle can be calculated by
Due to the reciprocals of three components of n r are involved, the rotation angle may distort when using (20) . Therefore, we introduce three gains β x , β y and β z through the threshold ξ r of rotating-axis components. The gain β x is defined in (21) . β y and β z have the same definitions.
By introducing the three gains, equation ( 
If a component does not meet the determination condition, it will be removed from the calculation formula. Namely, this equation will use more reliable rotating-axis components to estimate the final rotation angle. So far, we have got solutions for rotation angle and axis estimation of a single-axis rotation.
C. ALGORITHM SUMMARY
In this section, we further summarize the process of the proposed incremental-quaternion-based angle and axis estimation algorithm. The specific steps are as follows.
Step 1: Calculate the incremental quaternion n q of the single rotation according to (10) using the known quaternion measurements b n q i (i = 1, 2, . . . , n) from MARGs.
Step 2: Compute the intermediate rotation angle α according to (16) .
Step 3: Estimate the rotating-axis attitude n r according to the incremental quaternion n q in Step 1 and the rotation angle α in Step 2.
Step 4: Estimate the rotation angle θ using the calculated incremental quaternion n q and rotation axis n r based on the method in Section III.B.2).
For simplicity, we use IOE (incremental orientation estimation) to represent the proposed method for angle and axis estimation in the following work.
IV. MARGS-BASED MEASUREMENT UNIT DESIGN
To achieve the angle and axis estimation of the single-axis rotation, a MARGs-based measurement unit is designed in this work. Fig. 5 is the structure diagram of the designed measurement unit. There are two parts in the measurement unit. One part is the motion parameter acquisition board which is used to measure the angular rate, acceleration and magnetic field information of the rotating target and then transmit them to the micro controller unit (MCU) to be analyzed and handled through the serial peripheral interface (SPI). The other is the communication board which could transmit the processed information to the host system through WiFi or serial port. There is also a lithium battery interface on the it to power the unit. 6 is the designed MARGs-based measurement unit in this work. With a compact size of 30mm × 30mm × 10mm, it is flexible and easy to be mounted on the surface of the measured target. The two small boards, connected by a soft cable, can be stacked together through four studs.
V. EXPERIMENTS AND ANALYSIS
In this section, we establish a single-axis motion control platform to simulate the single-axis rotation. In order to validate the effectiveness of the IOE algorithm in estimating the angle VOLUME 6, 2018 and axis of single-axis rotation, we design the dynamic and static experiments. In every experiment, we compare the proposed IOE algorithm with the SORA [24] and Zheng's [10] algorithms respectively based on the actual rotation angle of the motor obtained from the encoder. Fig. 7 (a) is the established single-axis motion control platform in this work. Its structure diagram is shown in Fig. 7(b) . The rotation movement is done by the servo motor according to instructions from host system. The MARGs-based measurement unit is fixed on the coupler randomly to measure the rotation angle and axis of the servo motor.
A. EXPERIMENT CONFIGURATION

B. DYNAMIC PERFORMANCE TEST
It is assumed in this work that the rotating object is at the dynamic state when its angular velocity is greater than 5 • /s, otherwise, it is considered as static state. The reason for choosing 5 • /s as the segmentation point of the dynamic and static states is that this value is far greater than the noise of gyroscope and the target moves very slowly at this speed. Furthermore, we also consider the high-speed and low-speed rotation in the dynamic and static experiments. Fig. 8 shows curves of the angle, angular velocity and angular acceleration of the servo motor in dynamic test.
The angle curve in Fig. 8(a) is obtained from the encoder. The angular velocity and angular acceleration are obtained through derivation of angle values. Therefore, there are some burrs on the two curves in Fig. 8(b) and (c), but this has no influence on the analysis of the experiment. During a period of dynamic rotation, the measured target completes four start and stop movements. The maximum forward speed of the servo motor is 234 • /s, the maximum forward acceleration is 650 • / s 2 , the maximum negative speed is −115 • /s, and the maximum negative acceleration is −600 • /s 2 . Fig. 9 shows the estimation results of the rotation angle of four methods. Note that both the dynamic and static experiments are done 10 times, and we randomly choose one of the results to analyze. For clarity, we enlarge the part A in Fig. 10 . It can be seen that the rotation angle computed through the IOE algorithm is closer to the actual rotation angle of the servo motor. Fig. 11 shows the dynamic estimation errors of rotation angle of three methods, which take the encoder outputs as references. It can be seen that the error increases as the rotation speed increases and decreases as the rotation speed decreases. There is no accumulated error in the IOE algorithm, and its maximum dynamic error is less than 2 • .
1) ROTATION ANGLE MEASUREMENT RESULTS
2) ROTATING-AXIS MEASUREMENT RESLUTS
In order to intuitively observe the estimated rotating-axis attitude, we plot the components of the rotating-axis in X, Y and Z-axis in Fig. 12 . Due to the similar characteristics of three components of the rotating-axis attitude, we take the component on Z-axis as an example to analyze. The estimated rotating-axis attitudes from three methods will distort when the rotation angle is close to zero as shown in part A, B and K . This is unavoidable due to the tiny rotation angle and angular velocity make the measurement difficult for sensors. During one cycle rotation movement, when the rotation angle is greater than a value, the IOE and SORA algorithms consistently obtain a stable estimation of rotation axis as in part F. However, due to Zheng's algorithm relies on the angular velocities during measuring the rotating-axis attitude, the distortion will take place when the angular velocity is close to zero like parts C, D and E. Moreover, unlike the IOE and SORA methods, Zheng's algorithm could not response correctly to the reverse rotation of the target. For instance, the estimated rotating-axis attitudes flip at parts G and H due to the reverse velocity. However, the rotation axis does not change at that time.
We summarize the root mean square errors (RMSE) of the rotation angle and axis in the dynamic performance experiments in Table 1 . The proposed IOE algorithm could achieve more accurate measurements of the rotation angle and axis with the minimum RMSE errors among three methods. 
C. STATIC PERFORMANCE TEST
In the static performance experiment, the maximum angular velocity is limited to be less than ±5 • /s. Fig. 13 shows curves of the angle, angular velocity and angular acceleration. Due to the rotation speed is quite slow, there are large noises in the angular velocity and angular acceleration when we derivate for the angles. However, this will not affect the analysis of the performance of different methods. It can be seen from Fig. 13(b) that the maximum forward angular speed is 5 • /s and the maximum reverse angular speed is −2 • /s. Although there are multiple fluctuations in angular velocity during a single rotation cycle, the amplitude of the fluctuations is very small and the trend is gradual. According to Fig. 13 (c) , if we remove some random points (which may be caused by tiny vibrations), the angular acceleration is between −5 • /s 2 and 5 • /s 2 , which contains large noise due to the slow angular velocity.
1) ROTATION ANGLE MEASUREMENT RESULTS
Fig. 14 shows the estimated rotation angles of different methods in static situation. Part A is enlarged in Fig. 15 . And Fig. 16 displays the static errors of rotation angle. As can be seen from them, the proposed IOE algorithm has a better static performance compared to the SORA and Zheng's algorithms with the maximum static error less than 1 • . Since only the gyroscope is used to estimate the rotation angle, the drift of the gyroscope causes a large accumulated error later in the SORA method. Zheng's algorithm has a better performance in high-speed rotation compared to low-speed rotation. To show the best performance of the Zheng's algorithm when the rotation velocity is slow, we choose the relatively optimal rotating-axis estimation in the static experiment to estimate the rotation angle. Fig. 17 shows the estimated rotating-axis attitude components of X, Y and Z axis in the static performance experiment. Similarly, we take the Y-axis component of rotating-axis estimation in Fig. 17 (b) as an example to analyze. At the beginning and ending measurements, the rotation angle is close to zero, which leads to the inaccurate rotating-axis measurements of the IOE and SORA methods as shown in parts A and G. Once the rotation angle is greater than the threshold, the IOE and SORA methods could provide an accurate estimation of the rotation axis. Although the rotating-axis estimation of SORA method remains stable when the rotation angle is greater than the threshold, it will deviate from the actual rotation axis gradually as the drift errors of the gyroscope have not been eliminated. In Zheng's algorithm, the estimated rotating-axis attitude will distort significantly when the angular velocity is close to zero such as parts A, C, E and G, which is similar to the dynamic performance experiments. It could not measure the rotation axis effectively in static experiments due to the small rotation velocity of the servo motor leads to a large proportion of noises contained in the angular velocity of the gyroscope. Thus, even the rotating-axis attitude tends to be stable in parts B, D and F, they are not the accurate rotating-axis attitude. Table 2 shows the RMSE of the rotation angle and axis in the static performance experiments, which indicates that the proposed IOE algorithm is more accurate compared to the other two methods.
2) ROTATING-AXIS MEASUREMENT RESULTS
We also calculate the average execution time of the three methods by running on an Intel core I5, 2.3 GHz processor. Results show that the average running time of Zheng's algorithm is 127.24µs, and the average running time of SORA algorithm is 64.68µs. The running time of the proposed algorithm is 75.97µs. Obviously, the SORA algorithm and the proposed incremental-quaternion-based algorithm have higher computational efficiency compared to Zheng's algorithm whose computational complexity is almost twice than that of the other two algorithms. Therefore, the SORA algorithm and the incremental-quaternion-based algorithm are suitable to be implemented in the embedded systems.
VI. CONCLUSIONS AND DISCUSSIONS
The main contributions of this work are that we design a compact MARGs-based measurement unit and propose a robust incremental-quaternion-based angle and axis estimation algorithm of single-axis rotation. It has the following advantages.
1) The incremental-quaternion is utilized to estimate the rotation angle and axis, which successfully avoids the gimbal lock problem in the Euler-angles-based algorithms. The proposed algorithm could achieve full-range rotation angle and all-attitude rotation axis measurements.
2) The proposed algorithm measures the rotation angle and axis using the information of MARG sensors, which eliminates the drift errors in the gyroscopebased or IMU-based measurements.
3) It has good performances on the rotation angle and axis estimation when the measured target is in dynamic or static movement. 4) With a small size of 30mm × 30mm × 10mm, the designed MARGs-based measurement unit simplifies the measurement process and reduces the measurement system's installation complexity. It has no restriction on installation methods and equipment, which is especially suitable for the situations where the traditional measurement equipment is difficult to install. For instance, the designed measurement unit and proposed algorithm could be utilized to measure the rotation angle of wheels, steering wheels and Ferris wheels et al. or calibrate the rotation angle of rudders of the ship, aircraft and UAVs. The dynamic and static experiments show that the designed measurement unit and proposed algorithm could provide a robust estimation of rotation angle and axis of the singleaxis rotation with high computational efficiency. The rotation angle estimation has the static error < 1 • , dynamic error < 2 • , static RMSE < 0.4 • and dynamic RMSE < 0.3 • .
In the rotating-axis attitude measurement, the dynamic error is less than 2.5x10 −4 and the static error is less than 0.06. In the future, we will measure the rotation angle of joints of the robotic arm, in which the measurement will be more difficult due to the rotating-axis is time-varying. To achieve a more accurate rotation estimation of joints, it is necessary to estimate the rotating-axis attitude in real time. It may be an interesting and meaningful study.
